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operators fi,, and [b,yg] from one generalized Orlicz-Morrey space M 2 o
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1. Introduction and notations

Morrey spaces and their properties play an important role in the study of
local behavior of solutions to elliptic partial differential equations, refer to [18,23].
The authors of [1,2] showed the boundedness in Morrey spaces for some important
operators in harmonic analysis such as Hardy-Littlewood operators, Calderon-
Zygmund singular integral operators and fractional integral operators. A natural
step in the theory of functions spaces was to study Orlicz-Morrey spaces where the
“Morrey-type measuring” of regularity of functions is realized with respect to the
Orlicz norm over balls instead of the Lebesgue one. Such spaces were first
introduced and studied by Nakai [20]. Then another kind of generalized Orlicz-
Morrey spaces were introduced by Sawano et al. [25]. Generalized Orlicz-Morrey
spaces as the one introduced by Guliyev et al. [4], see also [8,10,11,13].

Let S™ be the unit sphere in R", (n > 2) equipped with normalized
Lebesgue measure do and B(x,r): yeR" :|x—y|<r be the open ball
centered at X and radius r. Suppose Qel*(S"™) with 1<g<oo is
homogeneous of degree zero and satisfies the cancelation condition
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Q(x')do(x') =0,

Sn—l
where X' = X/|x| for any X # 0. Marcinkiewicz operator L, is defined by

- 4]

Fa(0= | 2 ¢y

B(x,t)

where

Let b be a locally integrable function on R", the commutator of b and s,
is defined as follows

b, 11, () (J\Fm of ‘“j ,

where

0= | Q= Y)fi(x) by (y)dly

sty [X — Y[

It is well known that Marcinkiewicz operator plays an important role in harmonic
analysis. Benedek et al. [3] proved that if Q e Cl(S "’l), then ,, is bounded on

Lp(R”) for 1< p<oo. The corresponding commutator [b, sz, ] was first
considered by Torchinsky and Wang in [26]. In 2002, Ding et al. [5] showed that if
Qe l’ (S”_l), q >1, then p,, is bounded on Lp(R") for 1< p <oo.

In this paper, we consider the case when ¢ is dependents also on X. It is
given a function ¢:R" x(0,00) — (0,0) as well as the Young function
D: [O, oo)—)[O, oo). Denote by G, the set of all functions
¢:R" x(0,00) — (0,0) such that ¢(x,t)< #(x,s) forall t>s >0 and that
tl—)CI)’l(X,t’” )qﬁ(t)_l is almost decreasing, that is, there exists a constant

C >0 independent of X such that ®*(x,t™)g(t)" < Cd*(x,5™ Jg(s)™

124



HASANOV S.G., NAZLIPINAR ALI SERDAR: MARCINKIEWICZ INTEGRAL ...

forall 0 <S <t <oo.Here CD‘l(-) is the inverse of d)() Denote by A, the set
of all convex bijections @ : [O, oo) - [O, oo) such that the doubling condition:
d(2t)<Cd(t) (t>0) (1)
holds for some constant C > 2, which is called doubling constant, and by V, the
set of all convex functions @ [O, oo) - [O, oo) such that the V, -condition:
2C'D(t)< d(2t) (t>0) @)
holds for some C’ > 1. Note that C in (1) exceeds 2 when ® e A, NV, due

to (2). Recall also that the conjugate function ¥ of @ is defined by:
¥(t)=sup{st —d(s):s>0} (t>0).
Let @ be a Young function. Recall that the Orlicz norm | f

o) OVer a

measurable set E in R" is defined by:

. ()
1] e, |nf{/1>0.'£(7 dx<1t.

(R") as the set of all measurable functions f for which f e L”(K)

for all compact sets K in R".

We now define generalized Orlicz-Morrey spaces of the third kind. The
generalized Orlicz-Morrey space M (R") of the third kind is defined as the set
of all measurable functions f for which the norm

1 4 1
v = @ f
wre = e #(x,1) (|B(x, r)J”

Define L

loc

Il

L®(B(x,r))
is finite.
Note that M ®* (R”) covers many classical function spaces.

Example 1.1. Let 1<q< p<o and ® €A, NV, . From the following special
cases, we see that our results will cover the Lebesgue space L" (R" ) the classical
Morrey space M qp (R” ) the generalized Morrey space M **° (R") and the Orlicz

space L” (R”) with norm coincidence:
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n

LIf ©(t)=t® and ¢(t)=t °, then M™*(R")=LP(R") with
equivalent norms.

2. 1F ®(t)=t" and (t)=t °, then M**(R"), which is denoted by
M/ (R” ) is the classical Morrey space.

3.1f D(t)=t", then M®#(R")=M **(R") is the generalized Morrey
space which were discussed in [7,9,12,15,17,19].

4.1f g(t) =Dt ™), then M>#(R")=L"(R"), which is beyond the
reach of generalized Orlicz-Morrey spaces of the second kind defined in [25]
according to an example constructed in [6].

Other definitions of generalized Orlicz-Morrey spaces can be found in
[20,21,22,25]; Therefore, our definition of generalized Orlicz-Morrey spaces here
is named “third kind”.

Therefore, the purpose of this paper is mainly to study the boundedness of
Marcinkiewicz operator and its commutators in generalized Orlicz-Morrey spaces
of the third kind.

By A < B we mean that A < CB with some positive constant C
independent of appropriate quantities. If A < B and B < A, we write A = B and say
that A and B are equivalent.

2 Marcinkiewicz integral in generalized Orlicz-Morrey spaces

In this section, we study the boundedness of integral operators in generalized
Orlicz-Morrey spaces.
The following result concerning the boundedness of Marcinkiewicz integral

operator £, on L is known.
Theorem 2.1. [27] Suppose that 1 < p,g < oo and QQ € L* (S ”‘1). Then, there is
a constant C independent of f such that
”’uQ(f X LP(R“) = C”f

The following interpolation result is from [14].
Lemma 2.1. Let T be a sublinear operator of weak type (p, p) for any
pe (1, oo). Then T is bounded on L® (R”), where @ is a Young function
satisfying @ e A, NV,

As a consequence of Lemma 2.1 and Theorem 2.1, we get the following
result.

°(r)"
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Corollary 2.1. Let ® be a Young function and Qe L°°(S”‘1). If

®eA, NV, then u, isbounded on L‘D(R”).

We will use the following statement on the boundedness of the weighted
Hardy operator

H2g(r)=[g(s)w(s)ds, r e (0,),

= — §

where W is a weight.
The following theorem was proved in [8].

Theorem 2.2. Let V,,V, and W be weights on (O,oo) and vl(r) be bounded
outside a neighborhood of the origin. The inequality

supv, (r)H, g(r)< Csupv,(r)g(r) 3)
r>0 r>0

holds for some C >0 for all non-negative and non-decreasing g on (0,oo) if
and only if
T Ww(t)dt
B = supvz(r)j—( )
0 ! supv,(s)

t<s<owo

< 0

Moreover, the value C = B is the best constant for (3).

We also use the following lemma to prove our main estimates.
Lemma 2.2. For a Young function @ and all balls B, the following inequality is
valid

”f *(B) S2|B|®71(JB|_1)|f L*(B)"

Proof. The following analogue of the Holder inequality is known.

J’nf(x)g(x)dx

For the proof of (4), see, for example [24].
The proof follows from Holder’s inequality and the well known facts

r<o(r)d™(r)<2r, r>o, ()
where &)(r) is defined by

&(r) = {sup{rs ~®(s):se[0,0)l, re0,x)

sz||f

gl... )

L<1>

o0 I = o0,
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1

Therefore, we have the following theorem
Theorem 2.3. Let @ any Young function, ¢,, @, and @ satisfy the condition

T{ess inf — " (x,s) = )J‘quB(X’ s)” )% $Colxr).

and ||z,

P tes<o CI)‘l(jB(x, s)
where C does not depend on X and r. Letalso Qe L” (S "‘l). If @ satisfy the
condition ® € A, NV, then the operator 4, is bounded from M *** (R") to
M > (R").
Proof. For any ball B = B(x,,r), function f(x) can be divided into two parts;
f=1fre+ Ta,s = fi + f,, thus we have

||,qu (8 _||,uQ +||,uQ E|1+|2.
For I, by L? (R”) boundedness of £, (see Corollary 2.1), we have
< C” f, Lo (r") :”f L?(2B)"

From (5) we get

o ()= (B 15 < e Jo (B0, )T
2r

2r

and then

)\ dt
<l %€ g s Il (B60-0)) - @

For I,, we first estimate 1, f2( ) forany X € B, since y e R"\ 2B,

we have the following inequality: %|X0 - y| < |X - y| < g|x0 - y|, therefore we

obtain

e et

n

o] A

R" RM28B Xy —

By Fubini’s theorem we have
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| f(y

] II (v)ay |

C(ZB)|X | [x0-Y|

-] aytsc] | e

2r 2r<| X, —y|<t 2r B(Xo,t)
By Lemma 2.2, we get

tn+1

fly F _ 4\ dt
] il )‘ndygcj”f (600 P 1QB(Xo’t)1 l)_- (")
©(28) |X0 — y| 2r t
Moreover
C R _ 4\ dt
(e = ) e @ B0 )
is valid. Thus
1\ dt
o (e < Ay # ) 1 B0 K
and from (6) we have
4\ dt
o < oy [ @ (BOGO)T @

o B|
By inequality (8) and Theorem 2.2 we have

o0

weie) SCSUD 0,(%,1) [ @7 (Bx,.t) )|

Xp€R",r>0 r

dt

e (£ )]y 2 (806.0) ¢

<C sup o¢,(x,,r) Q B(X,, 1) )

Xo€R™,r>0

)):”f

Corollary 2.2. Let Qe L°°(S _l), ® be a Young function, ¢, €G,, and
((01, 0, ) satisfy the condition

L?(B(xo.r))"

< dt
I(pl(x’t)T <Cop, (X’ I’),

where C does not depend on X and r . If @ satisfy the condition D € A, NV,
, then the operator gz, is bounded from M *** (R") to M ©7 (R” )
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3 Commutators of Marcinkiewicz integral in generalized Orlicz-Morrey
spaces

In this section, we consider the commutators generalized by the singular
integral operator, Marcinkiewicz operator and BMO(R“) function. A local

integrable function f e L (R” ) if it satisfies

1
= sup ———~ ||bly)-b
: XER“,EO |B(X, I‘X B(;'(.,r) (y) Blor)
where B(X r) is ball centered at X and vradius of r and

by Ib )dy, then b belongs to BMO(R ) and |-, is the

0 |B( r) e

norm in BMO(R ) The following estimate is very convenient in applications.
Lemma 3.1. [16] Let be BMO(R” ) Suppose 1< p<o, XeR" and
R > 2r > 0, there exist constant C > 0, such that

‘bB(x,R) <Cln _”b”

Before proving our theorems, we need the followmg lemma.
Lemma 3.2. [10] Let b BI\/IO(Rn ) and @ be a Young function with ® € A,
then

B(x,r)

bl ~ sup @ (B(x. 1)) o) ~bui e

We will use the following statements on the boundedness of the weighted
Hardy operator

0

H: g(r):= I(1+ In %) g(s)w(s)ds, re(0,),

r
where W is a weight.
The following theorem is valid.

Theorem 3.1. Let V,,V, and W be weights on (O, oo) and Vl(t) be bounded
outside a neighborhood of the origin. The inequality

supv, (r)H, g(r)SCsuopvl(r)g(r) )

holds for some C >0 for all non-negative and non-decreasing g on (O, oo) if
and only if
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f s\ w(t)dt
B= 1+In— |——— :
SrEopVZ(r)'r[( +In tj SUle(S)<OO

t<s<oo

Moreover, the value C = B is the best constant for (3.1).
Note that, Lemma 3.2 is proved analogously to [[8], Theorem 3.1].
The following result concerning the boundedness of commutators of

Marcinkiewicz integral operator [b, ,uQ] on L” is known.
Theorem 3.2. [27] Suppose that 1< p,gq<oo, be BMO(R”) and
Qel’ (S ”’l). Then, there is a constant C independent of f such that

.26 X ooy <C e

As a consequence of Lemma 2.1 and Theorem 3.2, we get the following
result.

Corollary 3.1. Let @ be a Young function, b € Bl\/IO(Rn ) and Qel” (S ”‘1).
If DA, NV, then [b, 1, ] is bounded on L® (R” )

Therefore, we get the following theorem
Theorem 3.3. Let Qel” (S ”‘l), be BMO(R”), @ any Young function,
®,, @, and O satisfy the condition

“ t . ?,(x,9) . a\dt o r
_[(1+In —j essinf (D‘l(jB(x, s){fl) QB(X, s) )T—C(Dz( 1),

r r t<s<oo

where C does not depend on X and r . If @ satisfy the condition ® € A, NV,
, then the operator [0, 4z, | is bounded from M ®* (R”) to M *?2 (R” )
Proof. For any ball B = B(XO, r), function f(X) can be divided into two parts:
f=1Tre+ T, = f+ f, thus, we have

”[b’ Ha ] f |||_“’(B) = ”[b’ Ha ] 1:1 L®(B) +||[b’ :UQ]fZ ”L“’(B) = ‘]1 +J 2°

For J,, by L® (R") boundedness of [b, ,uQ] (see Corollary 3.1), from (6)
we have

. 1)\ dt
‘]1 SC” fl L‘D(B(xo,t))q) 1QB(X0’tX 1)T

L°(R") :”f

1 ©
L®(2B) SCWZ_U“
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For J,, observe that for any Xe€ B, since yeR"\2B, it has the

following inequality: %|x0 —y|<|x—y|< g|xO —y|, therefore we obtain

o] < | iy yx(f T J

R"\2B |X | [x-y|

Q(x—
<c | 2 W)(x) by ()0
R"\2B |X—Y|
b(x
g ] | PNy y.
R\ZB Xy — |
Then
b(y
b, 1], <C I' ¢ (g
rR"28 | Xy — | L°(8)
b b(-)-b
R I e I
rRM2B | X, | 1°(8) R"\2B XO—Y| *(8)

=J,, +J,,.
For J, we have

(y)dy

1 [b(y)— b
J
o) o
1
z-—:qr—zj J b)) | i
R"\2B \Xoy

—l —1 | b || Xdytm—l

2r 2rg| xo y|<t

dt
W_)*l Al ] IoCy)=baI (v oy
2r B(xg,t

Hence
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£ (y) dy

use ] | -

dt
" o0 = ZUbB(X‘”')_bB(X‘”t)‘B(X{,t) |f(y1dytn+l -

Applying Holder’s inequality by (5) and Lemmas 2.2, 3.1 and 3.2 we get
dt
I <C -1 ”‘b (% t))”f

CD_l B L% (B(xo.1)) i
_ 4\dt
q)—l B -1 ” B(xo.r) Xo .t L“"(B(xo,t))q) 1QB(Xo’t] )T

gc%?(ym )|| e (B0 )2

o|B|

For J,, we obtain

y
ool | g

<Jbl-)-
R \ZB|X - Y|

By Lemma 3.2 and the inequality (7), we get

[bl. [f(y)
<C
Jj, < (D_l(IB|_l)R"‘!.ZB|XO _y
F 1\dt
< e I B

Combining the estimates for J,, and J,, we have

- dy

[b. B L\dt
||[b,,uQ]f2 —CWZJ;@JFI” tj” L (B(x, t))cD QB(Xo’tX )T
(10)

Again combining the estimates for [b, z,, |f, and [b, 1, ], we have

bl < ) L\t
||[b1ﬂsz]f L°(8) SCWI(1+In tj” L% (B(%, t))CD 1QB(x0,t] I)T

o (B|

By inequality (10) and Theorem 2.2 we have
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o0

o 12X oy SC st ;) [0 (BCx )

XgeR",r>0 r

dt

2 (B001) ¢

<C sup @,(%,r) 0 (B(x,, 1) )| £

XoeR",r>0

L (B(xot) ” f ”M“W’l(R")'

Corollary 3.2. Let Qe l” (S ”’l), be BMO(R”), @ any Young function,
@, € G, and (¢,, ¢, ) satisfy the condition

o0

j(1+|n %Jgol(x,t)%ﬁc%(x,r),

r

where C does not depend on X and r . If @ satisfy the condition D € A, NV,
, then the operator [0, 4z, | is bounded from M ®* (R”) to M *?2 (R” )
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